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Dynamic response of tubular joints with an annular
void subjected to a harmonic torsional load
A Vaziri and H Nayeb-Hashemi*
Department of Mechanical, Industrial and Manufacturing Engineering, Northeastern University, Boston,
Massachusetts, USA

Abstract: Dynamic responses of adhesively bonded tubular joints subjected to a harmonic torsional load
are evaluated. The adherents are assumed to be elastic, and the adhesive is taken to be a linear viscoelastic
material. The in uence of the adherents and the adhesive properties on the joint response as well as on the
shear stress amplitude distribution along the overlap is investigated. Furthermore, the effects of defects such
as an annular void in the bond area on the dynamic response and shear stress amplitude distribution in the
bond area are studied. The results indicate that, for the tubular joint geometries and properties investigated,
the natural frequencies of the joint are little affected by the adhesive loss factor. The natural frequencies of
the joint initially increase rapidly with increasing adhesive shear modulus. However, the natural frequencies
asymptotically approach a constant value with further increase in adhesive shear modulus. The results further
show that the natural frequencies of the joint may not be affected with the presence of a central void in the
bond area.
The distribution of the shear stress amplitude in the joint area was obtained. The maximum shear stress
was con ned to the edge of the overlap for all applied loading frequencies. For the adhesive and adherent
properties and geometries investigated, the maximum shear stress amplitude in the joint area was little
affected by the presence of a central annular void covering up to 40 per cent of the oveplap length. The result
showed that the shear stress amplitude distribution is more sensitive to the void location than to the void size.
This was especially pronounce d for voids located close to the edge of the overlap.
A central void larger than 40 per cent of the overlap length may be detrimental or bene cial to the joint
strength. This depends on the applied loading frequency. A central void reduces the system resonance
frequency. This may take the system further away from the applied loading frequency or may bring it closer.
A system excited closer to or further from its resonance frequency will develop a higher or lower shear stress
amplitude in the bond area.
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NOTATION
Ga
Gi
G0
Ji
li
L
Ri

complex shear modulus of the adhesive
shear modulus of the ith adherent
real part of the shear modulus of the adhesive
polar moment of inertia of the ith adherent
length of the ith section
overall length of the bonded joint
inner or outer radius of the adherents
(i ˆ 1; 2; 3 and 4)

T …t†
ua
ui

applied torque
axial displacement of the adhesive
axial displacement of the ith adherent

Z
yi
ra
ri
t
o

adhesive loss factor
rotation of the ith adherent
density of the adhesive
density of the ith adherent
shear stress
angular velocity (rad/s)
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The adhesive bonding of components is an attractive method
compared with other joining techniques. This is due to ease
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of manufacturing, cost, weight reduction, reduced thermal
exposure and lower stress concentration. Inspite of the many
advantages, this method is often applied with caution. The
bond strength and adhesive mechanical properties could be
severely affected by improper surface preparations and
curing procedure and by entrapped void and porosity in
the bond area. In order to ensure reliability of these joints,
the effects of these defects on both static and dynamic
responses of joints must be understood. Over the past 5
years the present authors have studied the effects of defects,
voids, adhesive properties and bonded joint geometries and
properties on the strength of single-lap joints subjected to
axial and peeling loads, tubular joint strength under tension/
torsion loading, thermal stress in the bonded joints and nondestructive evaluation of bonded joints [1–11]. Both static
and dynamic responses of single-lap joints subjected to
static and dynamic loadings have been obtained, and the
effects of a void in the lap area on the stress distribution and
the system resonance frequencies have been investigated.
The dynamic response of tubular joints subjected to a
harmonic axial load has also been investigated using a
shear lag model [11]. It has been found that a central void
may have little effect on the maximum shear stress in the
bond area and axial resonance frequencies. In the present
paper, the dynamic response of tubular joints subjected to a
harmonic torsional load is investigated.
Earlier research on the static stress analysis of adhesive
tubular joints under an axial load was carried out by Lubkin
and Reissner [12]. They obtained the stress distribution in
the lap area, considering both the adherents and the adhesive
to be elastic and the adherents to have a thin circular
cross-section. Alwar and Nagaraja [13] solved the same

Fig. 1

problem, considering the adhesive to be a viscoelastic
material. The shear stress distribution in tubular joints
subjected to torsion has been obtained by Adams and
Peppiatt [14]. Following the same procedure to that reported
by Adams and Peppiate, Nayeb-Hashemi et al. [1] studied
the effects of annular voids on the stress distribution in
tubular joints subjected to torsion. It was found that for
some joints a void may have a negligible effect on the stress
distribution in the lap area. Medri [15] recently derived the
stress distribution in tubular joints subjected to torsion by
considering the adhesive to be a viscoelastic material. The
stress distribution and dynamic response of tubular joints
under other loading conditions such as transverse loading
and internal and external loading have been investigated by
Rao and Zhou ‰16; 17Š, Terekhova and Skoryi [18] and
Pugno and Surace [19]. To the best of the present authors’
knowledge, there has been little investigation of the dynamic
response of tubular joints subjected to torsion. Furthermore,
there has been no systematic study to understand the effects
of joint geometries and properties as well as the presence of
defects in the bond area on the dynamic response of tubular
joints. The present paper will provide further understanding
of the effects of tubular joint geometries and properties, as
well as the presence of defects such as annular voids, on the
dynamic response.
2

THEORETICAL INVESTIGATION

Figure 1 shows a schematic diagram of a tubular joint
subjected to harmonic torsional loading. The shear stress
in tubular bonded joints subjected to harmonic torsion

Schematic diagram of a tubular bonded joint under a harmonic torsional load: (a) applied stresses in the
joint cross-section; (b) differential element of adhesive with the applied stresses on its surfaces
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is obtained, assuming that the adhesive shears in the
circumferential …ry† direction and the adherents shear in
the axial …xy† direction (Fig. 1). The deformation of the
adherents in the circumferential …ry† direction and the
deformation of the adhesive in the axial …xy† direction are
neglected. The effect of normal stress at the adhesive/
adherent interface is also neglected. However, the shear
stress can vary across the adhesive thickness. Furthermore,
the adherents are considered to be elastic and the adhesive to
be linear viscoelastic. The shear modulus, Ga , of the
adhesive is assumed to be Ga ˆ G0 …1 ‡ iZ†, where G0 is
the p
shear modulus, Z is the adhesive loss factor and






i ˆ ¡1. The effects of an annular void on the dynamic
response and shear stress amplitude distribution are also
investigated. Assuming the shear stresses in the inner and
the outer surface of adherents 1 and 2 to be …try †1o and
…try †2i , and the angular rotations of each adherent at
location x to be y1 and y2 respectively, the equilibrium
equations for an element of each adherent of length dx can
be written as
qT1 ‡ …2 R2 †… † ¡ p …R4 ¡ R4 †  ˆ 0
p 2 try 1o
1 r1 y1
2 2
qx

…1†

qT2 ¡ …2 R2 †… † ¡ p …R4 ¡ R4 †  ˆ 0
p 3 try 2i
3 r2 y2
2 4
qx

…2†

where r1 and r2 are the densities of adherents 1 and 2, T1 and
T2 are the applied torques and (R1 ; R2 † and …R3 ; R4 † are the
internal and external radii of adherents 1 and 2 respectively.
The equilibrium equation of an adhesive layer of length
dx can be written as
2p ‰2rta dr ‡ r2 dta Š ¡ ra Ja y a ˆ 0

…3†

where ta is the shear stress in the adhesive, ra is the
adhesive density, y a is the angular acceleration of the
adhesive layer and Ja is the polar moment of inertia
of the adhesive element. Considering Ja ˆ 2pr3 dr and
ya ˆ ua /r, where ua is the adhesive displacement in the y
direction, and assuming that the shear stress in the adhesive
layer is ta ˆ Ga …qua /qr†, equation (3) reduces to
u
u
2Ga q a ‡ r q Ga q a ¡ rra u a ˆ 0
r
r
q
q
qr

…4†

For an applied harmonic torsional load, the displacements of
adherent 1 at its outer surface, adherent 2 at its inner surface
and the adhesive layer can be presented as u1 …x; t† ˆ
u1 …x† eiwt , u2 …x; t† ˆ u2 …x† eiwt and ua …x; r; t† ˆ ua …x; r† eiwt
respectively. Substituting for the adhesive displacement,
equation (4) can be written as
2
q ua ‡ 2 qua ‡ 2 u ˆ 0
b a
r qr
qr 2
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where
s









ra o2
bˆ
Ga

…6†

and ra is the adhesive density. Assuming the displacements
of adherents 1 and 2 to be u1 and u2 at r ˆ R2 and r ˆ R3
respectively, equation (5) can be solved to obtain the
displacement  eld across the adhesive thickness. The solution can be presented as
ua …r; x† ˆ …u1 c1 ‡ u2 c2 †

cos…br†
sin…br†
‡ …u1 c3 ‡ u2 c4 †
r
r
…7†

where
c1 ˆ

R2 sin…bR3 †

c3 ˆ ¡

z
R2 cos…bR3 †
z

c2 ˆ ¡

;

;

c4 ˆ

R3 sin…bR2 †

;
z
R3 cos…bR2 †
z

and
z ˆ ¡ sin…bR2 † cos…bR3 † ‡ sin…bR3 † cos…bR2 †

…8†

The shear stress at the adhesive/adherent interface can now
be evaluated from equation (7) as
u
…try †1o ˆ Ga q a
qr
u
…try †2i ˆ Ga q a
qr

rˆR2

ˆ Ga ‰a1 …R2 †u1 ‡ a2 …R2 †u2 Š

…9†

r¡R3

ˆ Ga ‰a1 …R3 †u1 ‡ a2 …R3 †u2 Š

…10†

where a1 …r† and a2 …r† are de ned as
¡br sin…br† ¡ cos…br†
r2
br cos…br† ¡ sin…br†
‡ c3
r2
¡br sin…br† ¡ cos…br†
a2 …r† ˆ c2
r2
br cos…br† ¡ sin…br†
‡ c4
r2
a1 …r† ˆ c1

…11†

…12†

The corresponding internal torques in each adherent at any
cross-section are written as
J1
du1
G
R2 1 dx
J
du
T2 ˆ 2 G 2 2
R3
dx
T1 ˆ

…13†
…14†

where J1 and J2 are the polar moments of inertia of
adherents 1 and 2 respectively.
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Substituting equations (9), (10), (13) and (14) into equations (1) and (2) yields
d2 u1
‡ 4pGa R32 ‰a1 …R2 †u1 ‡ a2 …R2 †u2 Š
dx2
‡ …R42 ¡ R41 †r1 o2 u1 ˆ 0

…R42 ¡ R41 †G1

d2 u2
¡ 4pGa R33 ‰a1 …R3 †u1 ‡ a2 …R3 †u2 Š
dx2
‡ …R44 ¡ R43 †r2 o2 u2 ˆ 0

…15†

…R44 ¡ R43 †G2

…16†

The non-dimensionalized forms of equations (15) and
(16) are
d2 u1
dx

2

d2 u2
dx2

‡ a1 u1 ‡ a2 u2 ˆ 0

…17†

‡ a3 u1 ‡ a4 u2 ˆ 0

4L2 R32 Ga a1 …R2 † r1 o2 L2
a1 ˆ
‡
G1 …R42 ¡ R41 †
G1
4L2 R32 Ga a2 …R2 †
G1 …R42 ¡ R41 †

…19†
…20†
…21†

a4 ˆ ¡

4L2 R33 Ga a2 …R3 † r2 o2 L2
‡
G2 …R44 ¡ R43 †
G2

…22†

‡ a5 u1 ˆ 0

…23†

‡ a6 u2 ˆ 0

…24†

where
a5 ˆ

4
X

tj A2j es2j x

…28†

jˆ1

where S2j ( j ˆ 1 to 4) are the roots of the characteristic
equation
S 4 ‡ …a1 ‡ a4 †S 2 ‡ …a1 a4 ¡ a2 a3 † ˆ 0

…29†

S2j2 ‡ a1
a2

…30†

Similarly, the displacement  eld in regions (1) and (3) can
be written as

u1 ˆ

2
X

p
p




A1j eS1j x ; where S11 ˆ i 
a
5 and S12 ˆ ¡i a5

2
X

p
p




A3j eS3j x ; where S31 ˆ i 
a
6 and S32 ˆ ¡i a6

jˆ1

…31†

u2 ˆ

jˆ1

…32†

The boundary and continuity conditions in the various
regions of the overlap are expressed by
du1
2TLR2
ˆ
dx
G1 p…R42 ¡ R41 †

…33†

at x ˆ l1 /L
2 2

r1 o L
G1

…25†

and
2 2

a6 ˆ

…27†

and

Equations (17) and (18) are valid in the overlap region …l2 †.
The equilibrium equations for the  rst and third regions
…l1 ; l3 † can be written as

dx2

A2j es2j x

jˆ1

tj ˆ ¡

4L2 R33 Ga a1 …R3 †
G2 …R44 ¡ R43 †

dx2
d2 u2

u2 ˆ

4
X

…18†

a3 ˆ ¡

d2 u1

u1 ˆ

and

where x ˆ x/L and

a2 ˆ

Equations (17) and (18) can be simultaneously solved to
obtain the displacement  eld in the overlap region. This can
be written as

r2 o L
G2
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…26†

u1 jregion 1 ˆ u1 jregion 2
du1
du
ˆ 1
dx region 1
dx region 2
du2
ˆ0
dx region 2

…34†
…35†
…36†

at x ˆ …l1 ‡ l2 †/L
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du1
ˆ0
dx region 2
u2 jregion 2 ˆ u2 jregion 3
du2
du
ˆ 2
dx region 2
dx region 3

…37†
…38†
…39†

at x ˆ 1
u2 jregion 3 ˆ 0

…40†

Similar equations are also developed for tubular joints
containing an annular void in the overlap area by dividing
the overlap into three regions [20]. Here, the results will be
presented without stating the corresponding equations.
3

RESULTS AND DISCUSSIONS

The results provided here are for the tubular bonded joint
con guration shown in Fig. 1. The adherents were bonded
using an adhesive with 50 per cent epoxy and 50 per cent
hardener, supplied by the Shell Company (Epoxy 828 and

Fig. 2

Effect of the adhesive loss factor, Z, of 0, 0.5 and 0.9 on the frequency response of the tubular joint

Fig. 3

Effect of adhesive/adherent shear modulus on the  rst natural frequency of tubular joints
…G1 ˆ constant†
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Fig. 4

Distribution of the shear stress amplitude at the adhesive/adherent 1 interface for joints with various
Ga /G1 and adhesive loss factor Z ˆ 0. Tubular joints are subjected to a torsional load of 1 N¢m at a
frequency of 1000 Hz

hardener V40). For this mixture of the adhesive, the real part
of the shear modulus and its density were 791 MPa and
1200 kg/m3 respectively. The overlap length was assumed to
be 50 mm in all analyses except when it was desired to
understand the effect of the overlap length on the dynamic
response of the tubular joint. The adhesive was assumed to
behave as a linear viscoelastic material with various loss
factors, Z. For this study, no attempt was made to measure
the actual damping value of the adhesive, since it was the
effect of adhesive damping on the dynamic response of
tubular joints that was of interest. The adhesive damping
value is the subject of current ongoing investigations and
will be reported upon later. The adherents were 6061-T6
aluminium with an elastic modulus of 69 GPa and a density
of 2710 kg/m3 . The inner radius and outer radius of the
upper and lower adherents were 0.0 and 17:8 mm and 19.0
and 25:4 mm, respectively. The length of the upper and

Fig. 5

lower adherents was 250 mm. MATLAB-based codes were
written to analyse displacements and related shear stresses.
Figure 2 shows the frequency response of the bonded
tubular joint at the point of the applied load. The frequency
response was obtained for adhesives with loss factor Z
ranging from 0 to 1. The results indicate that the adhesive
damping affects the amplitude of the vibration and has
relatively little effect on the frequencies where peak
responses occur, and that, as expected, the amplitude of
the system decreases with increase in the adhesive loss
factor.
Figure 3 shows the effects of the adhesive and adherent
shear modulus on the  rst resonance frequency of tubular
joints. The results indicate that the  rst resonance frequency
of tubular joints increases with increase in the shear modulus of adherent 2 while keeping G1 constant. The results also
show that the  rst natural frequency of tubular joints

Distribution of the shear stress amplitude at the adhesive/adherent 1 interface for a joint subjected to a
torsional load of 1 N¢m at various frequencies. The adhesive is assumed to be elastic, Z ˆ 0
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Fig. 6

Shear stress distribution within the overlap section for a tubular joint with adhesive loss factor Z ˆ 0
and with various central void sizes, subjected to a torsional load of 1 N¢m at a frequency of 1000 Hz

increases rapidly when using an adhesive with a higher
shear modulus. However, beyond a certain shear modulus,
the  rst natural frequency becomes less sensitive to the
adhesive shear modulus. These results could be justi ed
considering the shear stress distribution at the adhesive/
adherent interface and its variation with the adhesive shear
modulus.
Figure 4 shows the distribution of the shear stress
amplitude at the adhesive/adherent 1 interface for tubular
joints subjected to a harmonic torsional load with an
amplitude of 1 N¢m at a frequency of 1000 Hz. The results
show that the shear stress is distributed fairly uniformly in
the overlap for joints with Ga /G1 ˆ 0:005. However, for a
higher Ga /G1, the shear stress distribution is not uniform,
with the maximum shear stress amplitude located at the
edges of the overlap. The shear stress amplitude distribution
is a function of applied loading frequency and increases as

Fig. 7
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the loading frequency approaches the system resonance
frequencies (Fig. 5). The shear stress is in phase with the
loading frequency when the latter is smaller than the  rst
natural frequency, and it is out of phase when the frequency
is greater than the  rst natural frequency. Furthermore,
results indicate that a portion of the overlap may not
contribute to the overall resistance of the joint to a torsional
load since it has almost zero shear stress and may be
considered to be a dead area. The length of this dead zone
depends on the relative shear moduli of the adhesive and
adherents. In contrast, the natural frequencies of tubular
joints depend on the overlap length.
The effect of the size of an annular void and its location
on the developed shear stress amplitude in the lap joint is
shown in Figs 6 and 7 respectively. Here, void size is
de ned as g ˆ void size/overlap length. Results show that
the shear stress amplitude distribution within the overlap is

Shear stress distribution within the overlap section for a tubular joint with adhesive loss factor Z ˆ 0
and with various void locations, subjected to a torsional load of 1 N¢m at a frequency of 1000 Hz
(l¤ is the distance from the edge of the overlap)
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Fig. 8

Effect of annular central void size on the  rst resonance frequency of a tubular joint with various
adhesive/adherent shear moduli

signi cantly sensitive to both void size and location. A void
close to the edges of the overlap signi cantly intensi es the
shear stress amplitude at the edge of the overlap. In contrast,
a central void of the same size may have little effect on the
shear stress amplitude distribution. This depends on the
applied loading frequency.
The results also indicate that, in contrast to the shear
stress amplitude, which is extremely sensitive to the void
location, the resonance frequencies are less sensitive to the
void location. The location of a 30 per cent void was
systematically changed from a distance of 10 per cent to a
distance of 50 per cent of the overlap length, from the edge
of the overlap. The maximum change in the resonance
frequencies was 0.2 per cent for the adhesive and adherent
properties and geometries investigated.
The effect of central annular void size on the  rst
and second resonance frequencies of the joint is shown in

Fig. 9

Figs 8 and 9. The results indicate that there may be relatively
little change in the resonance frequencies of the joint for
joints with a certain central void size. The upper limit of the
void size where the resonance frequencies are affected
depend on the joint geometries and relative adhesive/
adherent shear modulus, Ga /G1 . For example, for joints
with Ga /G1 > 0:1, a central void covering up to 90 per cent
of the overlap length may have little effect on the joint
natural frequencies. However, the resonance frequencies
drastically decrease for joints with a larger void size. The
results also show that an annular void has more effect on the
second natural frequency than on the  rst resonance
frequency. This could be due to the mode shapes and the
stress distribution along the overlap for each case.
The reduction in resonance frequencies in the presence of
a void may be bene cial or detrimental to the joint strength,
depending on the applied loading frequency. For joints

Effect of annular central void size on the second resonance frequency of a tubular joint with various
adhesive/adherents shear moduli

Proc Instn Mech Engrs Vol 216 Part K: J Multi-body Dynamics
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Fig. 10

Maximum shear stress versus normalized void size g for a tubular joint subjected to a 1 N¢m harmonic
torque at various frequencies. The adhesive is assumed to be elastic, Z ˆ 0. The  rst resonance
frequency of the joint without the void is 1660 Hz

subjected to a harmonic load at a lower frequency than the
natural frequency of the joint without a void, a void may
bring the system natural frequency closer to the applied
loading frequency, thus increasing the maximum shear stress
amplitude in the joint (Fig. 10). However, for joints
subjected to a loading frequency greater than the system
 rst natural frequency, a void will take the system further
away from the resonance frequency, thus developing a
smaller shear stress at the edge of the overlap.
4

CONCLUSIONS

The dynamic response of adhesively bonded tubular joints
subjected to a harmonic torsional load has been obtained as
a function of the adherent and adhesive mechanical properties. In addition, effects of defects such as an annular void in
the overlap area on the system dynamic response have been
investigated. The following conclusions can be drawn:
1. The adhesive loss factor has little effect on the frequencies where the peak responses occur. However, as
expected, the system response is lower for joints with a
higher adhesive loss factor.
2. The system  rst resonance frequency increases rapidly
with increase in Ga /G1 (adhesive/adherent shear modulus). However, beyond a certain value this increase is less
evident.
3. The shear stress distribution in the overlap is obtained for
a tubular joint subjected to a harmonic torsional load at
several loading frequencies. The maximum shear stress is
con ned to the edges of the overlap region. Furthermore,
for joints with Ga /G1 > 0:05, the middle section of the
overlap has almost zero shear stress. This region is
termed the dead zone.
K00402 # IMechE 2002
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4. For the adhesive and adherent properties and geometries
studied, the  rst resonance frequency was little affected
by the presence of certain annular central voids in the
overlap area. The upper limit of central void size at which
the natural frequencies are unaffected depends on the
joint geometries and properties. For a larger void size, the
system resonance frequencies drastically decrease with
increase in void size. The changes in resonance frequencies may prolong the life of the joint or reduce it,
depending on the applied loading frequency.
5. An annular void affects the shear stress amplitude
distribution along the overlap. Apparently, voids closer
to the edges of the overlap have a more signi cant effect
on the shear stress amplitude distribution.
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