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Abstract
The dynamic response of repaired composite beams under a harmonic peeling load was studied theoretically and experimentally.
The repair method was based on removal of the damaged region and bonding a composite patch into the gap with adhesive. In the
theoretical part, the equations of motion in the axial and transverse directions were derived assuming that the viscoelastic adhesive
layer resists both peeling and shear stresses and both the patch and parent materials behave as Euler–Bernouli beams. The validity of
the theoretical model for evaluating the dynamic response of repaired composite beams was examined with the results of the ﬁnite
element model. The ﬁnite element results indicated that the deformation mechanism of the repaired composite beam depends on the
adhesive elastic modulus. For low values of the adhesive elastic modulus, shear deformation in the adhesive layer is the dominant
deformation mechanism and the proposed theoretical model replicated the results of the computational analysis.
In the experimental part, the response of unidirectional ﬁberglass-reinforced epoxy composite specimens with various repaired
patch lengths, thickness, and material properties were measured by hammer test technique using a non-contact laser vibrometer. The
patch section was either the ﬁberglass-reinforced epoxy composite or E-glass ﬁber reinforced composites with various stacking
sequences. The repairing patches were bonded to the composite beam with an epoxy. The experimental results were compared to
those of the theoretical model and ﬁnite element analyses. The experimental results were related to the adhesive material properties,
its loss factor and to the patch material properties.
r 2005 Elsevier Ltd. All rights reserved.
Keywords: Composite materials; Adhesive; Patch; Dynamic response

1. Introduction
Damages of various types often initiate and propagate
in components made of ﬁber-reinforced composite
materials during their service life. The presence of the
damage results in degradation of the component
mechanical properties (i.e. stiffness and fatigue properties) and increases its damping [1–3]. To assure
structural integrity, damaged structural components
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should be replaced or repaired. However in many cases,
the replacement of these components is impossible or
costly. Consequently, composite repair has developed
into an important technology to restore the strength,
stiffness and durability of the damaged components [4].
The repair method depends on the extent of damage and
certiﬁcation requirements. Repair of the damage can be
in form of bolted or/and adhesively bonded patching
[5,6] or resin injection [7,8] into the damaged area.
There are mainly two types of patch conﬁguration
available for repair of the composite components, the
overlap joint (external patching) and scarf patching
(which involves removal of the damaged region and reconsolidation of the composite structure into the gap)
[9,10]. The externally bonded composite patch is an
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Nomenclature

Ai
Ea
F(t)
G
G0
H0
hi
k

cross-section area of ith region
elastic modulus of adhesive
applied peeling load
complex shear modulus of adhesive
real part of the adhesive shear modulus
adhesive thickness
thickness of ith region
stiffness per unit length of the adhesive

effective method of repairing cracked and damaged
components. The main advantage of an external patch is
its simplicity to manufacture and apply. However, this
method alters the aerodynamic contour of the component if the patch is thick. In addition, the studies on
adhesively bonded lap joints under static [11–14] and
dynamic loadings [15–17] indicated that both maximum
shear and peel stresses are developed at the joint edges,
while the middle of the joint carries very little shear or
peel stress. In contrast to the external patch, an internal
patch results in minor aerodynamic contour changes,
while offering better stress distribution along the bond.
In addition, removing the damage part may be essential
in the case of widespread cracking [18].
Internal or external composite patches can be bonded
to the parent structure with bolts and/or adhesive. The
major disadvantage of a bolted patch repair is the stress
concentration in the region of the bolt holes. In contrast,
adhesive bonding of the repair patch is the most
common method due to the advantages that it offers,
such as lightness in weight, ease of manufacturing, and
more uniform stress distribution along the joint in
comparison to a bolted patch. Other advantages of
adhesive bonding include corrosion resistance, costeffective manufacturing, better strain accommodation,
and better appearance. In addition, adhesively bonded
composite patches have been shown to provide high
levels of bond durability under operating conditions.
Despite the many advantages that adhesively bonded
patches offer, adhesive bonding is often applied with
caution. There are relatively few studies related to the
short-term and long-term performances of repaired
composite components or composite patches under
static and dynamic loading. Some studies focus on
metal components repaired with composite patches
[2,19–22], others examine composite components repaired with metal patches [23–25], and still others
investigate composite components repaired with composite patches [4,25–27]. Of these, only Refs. [2,26,27]
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ūi
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ȳi
w
t
Z
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length of ith region
overall length of the composite beam
axial displacement of ith region
normalized axial displacement of ith region
transverse displacement of ith region
normalized transverse displacement of ith
region
composite beam width
shear stress
adhesive loss factor
density of ith region
peeling load frequency

dealt with vibrational behavior. Furthermore, the
dynamic behavior of adhesively bonded joints with
various geometries is explored in [28–31].
The objective of the work reported in this paper was
to understand the effect of patch repair constituents on
the dynamic response of repaired composite beams (with
adhesively bonded internal repair patch). A theoretical
investigation for evaluating the dynamic response of a
repaired composite beam subjected to a harmonic
peeling load is presented in Section 2. Section 3 presents
the experimental procedure utilized to obtain the
vibrational characteristics of the repaired composite
beams is presented. In Section 4, the results of the
theoretical and experimental investigations are compared for various conﬁgurations of repaired composite
beams. Finite element analysis is performed to explore
the discrepancy between the theoretical and experimental results. A limited parametric study is conducted in
order to gain some insight into the effect of the adhesive
mechanical properties on the deformation ﬁeld of the
repair region of the composite beam under the dynamic
loading.

2. Theoretical investigations
Fig. 1 shows a schematic diagram of a clamped
repaired composite beam with an adhesively bonded
composite patch, subjected to a harmonic peeling load,
F(t), at its free end. The axial and transverse dynamic
responses of the system are obtained by dividing the
repaired composite beam into four regions, as shown in
Fig. 1. The adhesive is assumed to be viscoelastic
material with shear modulus G ¼ G0 ð1 þ iZÞ, where Z is
the adhesive loss factor and G0 is the real part of the
adhesive shear modulus. Furthermore, the adhesive is
assumed to be an elastic foundation resisting both
peeling stress and shear stress. The peel stress can be
presented as k(yi-yj), where k is the stiffness of the
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Fig. 2. Free body diagram of an element in Region 2.

L

Fig. 1. Schematic model of a repaired composite beam with an
internal adhesively bonded patch.

V3 

qM x3
h3
þ tw ¼ 0,
qx
2

(6)

elastic foundation and yi and yj are transverse displacements of the regions. The stiffness of the elastic
foundation can be presented as k ¼ ðE a w=h0 Þ; where
Ea is the elastic modulus of the adhesive, w is the width
of the overlap and h0 is the adhesive thickness.
Furthermore, considering axial and transverse displacements of Regions 2 and 3, the shear stress in the
adhesive layer can be expressed as [31]


G
qy2
qy3
t¼
þ h3
2u2  2u3 þ h2
,
(1)
2h0
qx
qx

qN x3
þ tw ¼ ðrAÞ3 u€ 3 .
(7)
qx
The internal bending moment and axial load can be
related to the axial and transverse displacements in each
region using the classical laminate theory as
N xi ¼ ðA11 Þi

qui
q2 y
þ ðB11 Þi 2i ;
qx
qx

where i ¼ 124,

(8)

Where h2 and h3 are the thickness of the composite
adherends (patch and the parent beam) in Regions 2 and
3, and y2, y3, u2 and u3 are the axial and transverse
displacements of corresponding adherends (Fig. 1).
The equation of motions in the axial and transverse
direction for the four regions of the repaired composite
beam (Fig. 1) are derived in the next section, while the
corresponding boundary and continuity equations are
presented in Section 2.2.

M xi ¼ ðB11 Þi

qui
q2 y
þ ðD11 Þi 2i ;
qx
qx

where i ¼ 124,

(9)

2.1. Equations of motion in the axial and transverse
direction for the regions of the repaired composite beam

where (A11)i, (B11)i and (D11)i are laminate extensional
stiffness, coupling stiffness and bending stiffness of the
ith region, respectively.
Substituting for the internal shear force, V2, from
Eq. (3) into Eq. (2) and using the classical laminate
theory for the internal moment, Mx2, Eq. (9), the
equation of motion in the transverse direction for the
element depicted in Fig. 2 can be presented as
ðrAÞ2 y€ 2 þ kðy2  y3 Þ þ ðB11 Þ2

q3 u2
q4 y
h2 qt
¼ 0,
þ ðD11 Þ2 42  w
3
qx
qx
2 qx

(10)
A free body diagram of an element in Region 2 is
presented in Fig. 2. The relation between the internal
forces and moments and the axial and transverse
displacements can be presented as
qV 2
þ ðrAÞ2 y€ 2 þ kðy2  y3 Þ ¼ 0,
qx
V2 

qM x2
h2
þ tw ¼ 0,
qx
2

ðrAÞ3 y€ 3 þ kðy3  y2 Þ þ ðB11 Þ3

q3 u3
q4 y3
h3 qt
¼ 0.
þ
ðD
Þ
w
11
3
qx3
qx4
2 qx

(11)
(2)
(3)

By substituting for the shear stress from Eq. (1), Eqs.
(10) and (11) can be represented as,
q3 u2
q4 y
þ ðD11 Þ2 42 þ ðrAÞ2 y€ 2 þ kðy2  y3 Þ
3
qx
qx
wh2 G qu2
qu3
q2 y
q2 y
2
þ h2 22 þ h3 2 3 Þ ¼ 0.

ð2
4h0
qx
qx
qx
q

Region 2 : ðB11 Þ2

qN x2
 tw ¼ ðrAÞ2 u€ 2 ,
(4)
qx
where ðrAÞi is the density  area of the ith region. Nxi
and Vi are the internal axial and shear force, respectively, and Mxi is the internal moment in the ith region.
A similar approach for an element in Region 3 results
in
qV 3
þ ðrAÞ3 y€ 3 þ kðy3  y2 Þ ¼ 0,
qx

the same approach for Eqs. (8) and (9) results in

(5)

ð12Þ
q3 u3
q4 y
þ ðD11 Þ3 43 þ ðrAÞ3 y€ 3 þ kðy3  y2 Þ
3
qx
qx
wh3 G qu2
qu3
q2 y
q2 y
2
þ h2 22 þ h3 23 Þ ¼ 0.

ð2
4h0
qx
qx
qx
qx

Region 3 : ðB11 Þ3

ð13Þ
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Furthermore, by substituting for the internal axial
load Eq. (8), Eqs. (4) and (7) can be represented as
q2 u2
q3 y2
þ
ðB
Þ
 ðrAÞ2 u€ 2
11 2
qx2
qx3
wG
h2 qy2 h3 qy3
þ
Þ ¼ 0,

ðu2  u3 þ
h0
2 qx
2 qx
ð14Þ

Region 2 : ðA11 Þ2

q2 u3
q3 y3
þ
ðB
Þ
 ðrAÞ3 u€ 3
11 3
qx2
qx3
wG
h2 qy2 h3 qy3
þ
Þ ¼ 0.
þ
ðu2  u3 þ
h0
2 qx
2 qx
ð15Þ

Region 3 : ðA11 Þ3

The equations of motions for Regions 1 and 4 are
those of classical Euler-Bernouli beam. By substituting
for the internal moment and axial load from Eqs. (8) and
(9), the equations of motions in the axial and transverse
directions for the Regions 1 and 4 can be presented as
3

Region 1 : ðB11 Þ1

4

q u1
qy
þ ðD11 Þ1 41 þ ðrAÞ1 y€ 1 ¼ 0,
3
qx
qx
(16)
2

Region 1 : ðA11 Þ1

(17)
Region 4 : ðA11 Þ4

a1 ¼

kL4
,
ðD11 Þ2

(26)

a2 ¼

G0 wh22 L2
ð1 þ iZÞ,
ðD11 Þ2 4h0

(27)

a3 ¼

G0 wh2 h3 L2
ð1 þ iZÞ,
ðD11 Þ2 4h0

(28)

a4 ¼

kL4
,
ðD11 Þ3

(29)

a5 ¼

G0 wh2 h3 L2
ð1 þ iZÞ,
ðD11 Þ3 4h0

(30)

a6 ¼

G0 wh23 L2
ð1 þ iZÞ,
ðD11 Þ3 4h0

(31)

a7 ¼

G 0 wL2
ð1 þ iZÞ,
ðA11 Þ2 h0

(32)

a8 ¼

G 0 wh3 L2
ð1 þ iZÞ,
ðA11 Þ2 h0 h2

(33)

a9 ¼

G 0 wL2
ð1 þ iZÞ,
ðA11 Þ3 h0

(34)

3

q u1
q y
þ ðB11 Þ1 31  ðrAÞ1 u€ 1 ¼ 0,
2
qx
qx
q2 u4
q3 y4
þ
ðB
Þ
 ðrAÞ4 u€ 4 ¼ 0,
11
4
qx2
qx3

a10 ¼
(18)

Region 4 : ðB11 Þ4

q3 u4
q4 y4
þ
ðD
Þ
þ ðrAÞ4 y€ 4 ¼ 0.
11
4
qx3
qx4
(19)

For the applied harmonic peeling force of Feiot at the
composite beam free end, the displacement ﬁeld for each
region can be presented as
yj ðx; tÞ ¼ yj ðxÞeiot ;
iot

uj ðx; tÞ ¼ uj ðxÞe ;

where j ¼ 124.

(20)

where j ¼ 124.

(21)

The dimensionless parameters are deﬁned as
ðB11 Þj h1
bj ¼
;
2ðD11 Þj
2ðB11 Þj
cj ¼
;
h1 ðA11 Þj
dj ¼ 

ej ¼

where

where j ¼ 124,

ðrAÞj o2 L4
;
ðD11 Þj

ðrAÞj o2 L2
;
ðA11 Þj

j ¼ 124,

G 0 wh3 L2
ð1 þ iZÞ,
ðA11 Þ3 h0 h2

where

j ¼ 124,

(35)

ȳi ¼ yi =h1 ,

(36)

ui ¼ ui =ðh21 =2LÞ

(37)

z¼

x
L

and

z1 ¼

l1
L

and

z2 ¼

l1 þ l2
,
L

where L ¼ l 1 þ l 2 þ l 3 .

(38)
(39)

Incorporating the above dimensionless parameters into
equations of motions (Eqs. (12)–(19)) results in
Region 1 :

q4 ȳ1
q3 u1
ȳ
þ
d
þ
b
¼ 0.
1
1
1
qz4
qz3

(40)

Region 1 :

q2 u1
q3 ȳ
þ e1 u1 þ c1 31 ¼ 0.
2
qz
qz

(41)

(22)

(23)
Region 2 :

where j ¼ 124,
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(24)

(25)

q4 ȳ2
q3 u2
ȳ
þ
d
þ
b
þ a1 ðȳ2  ȳ3 Þ
2
2
2
qz4
qz3
q2 ȳ
q2 ȳ
qu2
 a2 22  a3 23  a2
qz
qz
qz
qu3
¼ 0.
þ a2
qz

ð42Þ
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Region 2 :

Region 3 :

q2 u2
q3 ȳ2
@y
þ
e
u
þ
c
 a8 3
2
2
2
2
3
qz
qz
qz
@y2
Þ ¼ 0.
 a7 ðu2  u3 þ
qz

2

Region 4 :

ð43Þ

q4 ȳ3
q3 u3
ȳ
þ
d
þ
b
þ a4 ðȳ3  ȳ2 Þ
3
3
3
qz4
qz3
q2 ȳ
q2 ȳ
qu2
@u3
þ a5
¼ 0.
 a5 22  a6 23  a5
qz
qz
qz
qz
ð44Þ

q2 u3
q3 ȳ
qy
Region 3 :
þ e3 u3 þ c3 33 þ a10 3
2
qz
qz
qz
qy
þ a9 ðu2  u3 þ 2 Þ ¼ 0.
qz
Region 4 :

2.2. Boundary and continuity conditions

6
X

ð45Þ

3

q u4
q ȳ
þ e4 u4 þ c4 34 ¼ 0.
qz2
qz

(46)

q4 ȳ4
q3 u4
ȳ
þ
d
þ
b
¼ 0.
4
4
4
qz4
qz3

(47)

A1j eS1j z ;

y1 ¼ 0,

(56)

qy1
¼ 0,
qx

(57)

u1 ¼ 0,

(58)

at x ¼ l1:
The transverse displacement and rotation of Regions
1–2 should be equal, which results in

The solution to Eqs. (40) and (41) is in the form of
ȳ1 ¼

The boundary and continuity conditions for the
repaired composite beam, Fig. 1, can be expressed as
at x ¼ 0 (clamped to rigid wall),

(48)

y1 ¼ y3 ,

(59)

qy1 qy3
¼
,
qx
qx

(60)

y1 ¼ y2 ,

(61)

qy1 qy2
¼
.
(62)
qx
qx
Furthermore, the relation between the axial displacements at the boundary of the corresponding regions can
be presented as

j¼1

u2 ¼ u1  ð
ūi ¼

6
X

t1j A1j eS1j z ;

(49)

where S1j (j ¼ 1–6) are the roots of the corresponding
characteristic equation
ðc1 b1  1ÞS 61j  e1 S 41j  d 1 S21j  e1 d 1 ¼ 0

(50)

and
S41j þ d 1
b1 S 31j

12
X
j¼1

u2 ¼

12
X
j¼1

h1  h3 qy1
Þ
.
(64)
2
qx
In addition, the force and moment balance at the
boundary of each of regions can be presented as,
Force balance in the transverse direction:
q2 u1
q3 y1
þ
ðD
Þ
11
1
qx2
qx3
3
qy
q2 u2 wh2 G
¼ ðD11 Þ2 32 þ ðB11 Þ2 2 
4h0
qx
qx


2
qu2
qu3
q y2
q2 y3
2
þ h2 2 þ h3 2
 2
qx
qx
qx
qx

ðB11 Þ1
j ¼ 126.

(51)

The solution for the axial and transverse responses of
Region 4, Eqs. (46) and (47), are akin to Eqs. (48–51).
The solutions for the displacement ﬁelds corresponding
to Eqs. (42)–(45) can be presented as
ȳ2 ¼

(63)

u3 ¼ u1 þ ð

j¼1

t1j ¼ 

h1  h2 qy1
Þ
,
2
qx

A2j eSj z ; ȳ3 ¼

12
X

t2j A2j eSj z ,

j¼1

t3j A2j eSj z ; and u3 ¼

12
X

t4j A2j eSj z ,

(52255)

j¼1

where Sj (j ¼ 1–12) are the roots of the corresponding
characteristic equation and tij (i ¼ 2–4 and j ¼ 1–12), can
be calculated from the governing equations of displacement (the equations are not shown for the sake of
brevity).

q3 y
q2 u3 wh3 G
 ðD11 Þ3 33 þ ðB11 Þ3 2 
4h0
qx
qx


2
qu2
qu3
qy
q2 y
2
þ h2 22 þ h3 23 .
 2
qx
qx
qx
qx
Moment balance:
qu1
q2 y
qu2
þ ðD11 Þ1 21 ¼ ðB11 Þ2
qx
qx
qx
q 2 y2
qu3
q2 y
þ ðD11 Þ3 23
þ ðD11 Þ2 2 þ ðB11 Þ3
qx
qx
qx

ðB11 Þ1

ð65Þ
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qu2
q2 y
h1  h2
 ðB11 Þ1 22
 ðA11 Þ2
qx
qx
2


2 
qu3
q y
h1  h3
 ðB11 Þ3 23
þ ðA11 Þ3
.
qx
qx
2
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ð66Þ

Force balance in the axial direction:

ðA11 Þ1

qu1
q2 y
qu2
q2 y
þ ðB11 Þ1 21 ¼ ðA11 Þ2
þ ðB11 Þ2 22
qx
qx
qx
qx
qu3
q2 y
þ ðB11 Þ3 23 .
þ ðA11 Þ3
qx
qx
ð67Þ

The continuity conditions between Regions 2 and 4 at
x ¼ l1+l2 are similar to Eqs. (59–67) and are not
presented for the sake of brevity.
at x ¼ L:
Shear load ¼

Moment ¼ 0 :

Axial load ¼ 0 :

F ðtÞ : ðB11 Þ1

ðB11 Þ1

q2 u1
q3 y1
þ
ðD
Þ
¼ F ðtÞ.
11
1
qx2
qx3
(68)

qu1
q2 y
þ ðD11 Þ1 21 ¼ 0.
qx
qx

ðA11 Þ1

qu1
q2 y
þ ðB11 Þ1 21 ¼ 0.
qx
qx

(69)

(70)

3. Experimental investigations
3.1. Material
Unidirectional composite plates with thickness of
5 mm were manufactured from E-glass/epoxy composite
material with a ply thickness of 0.125 mm.Sixteen-layer
patches with ply angles of 01 and 901 (measured from the
direction of the beam) were manufactured from material
similar to the composite beams. Furthermore, patches
with the stacking sequence of [451/-451]3 were manufactured from ﬁberglass/epoxy composite with S glass
ﬁbers and ply thickness of 0.3 mm.The composite plates
were cured at 120 1C and 180 kPa for 1 h, and then were
air-cooled under constant pressure. The cured composite plates were then cut into specimens of 25.4 mm in
width. Damage sections of various sizes and locations
were introduced by removal of sections from the
composite beams with a milling machine. Fig. 3 depicts
a specimen before and after machining. Table 1 shows
the list of the manufactured composite patches and their
corresponding numbers of plies. Specimens 1–5 were
repaired with patches manufactured from the parent

Fig. 3. The manufactured composite beams, before and after
machining, and with a repair patch.

Table 1
Patch stacking sequence and its location in the manufactured repaired
composite beam specimens
Specimen no.

Patch stacking sequence

l2(cm)

1
2
3
4
5
6
7
8
9

[0]16
[90]16
[90]16
[90]16
[45/-45]4
[45/-45]4
[45/-45]4
[45/-45]4

0
7.62
2.54
5.08
7.62
5.08
7.62
10.16
15.24

Table 2
Mechanical properties of E-glass/epoxy and ﬁberglass/epoxy composites measured utilizing ultrasonic method
Composite

Fiber direction

Transverse to ﬁber direction

E-glass/epoxy
Fiberglass/epoxy

53.0 Gpa
38.80 GPa

17.65 GPa
14.50 GPa

beam material (E-glass/epoxy), while specimens 6–9
were patched with ﬁberglass/epoxy composite with S
glass ﬁbers. Ultrasonic testing was conducted in order to
evaluate the elastic moduli of the ﬁberglass/epoxy with
and E-glass/epoxy in the direction of the ﬁber and
transverse to it. The results presented in Table 2 are the
mean values from three different composite specimens.
These values are within 10% of the values reported by
the manufacturer.
The surface of the beam and patch in the bond area
were sand blasted and cleaned with acetone prior to
repair of the machined sections. Repair patches were
bonded to the composite beam with an epoxy having
density of 1.15 g/cm3. The elastic modulus of the
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adhesive was evaluated by means of an ultrasonic
method to be Ea ¼ 5.3 GPa. The adhesively bonded
joints were cured at 120 1C for 30 min and then were aircooled under constant pressure. Fig. 3 depicts the
repaired composites with the adhesively bonded ﬁberglass/epoxy composite patch. The length of each
repaired composite beam is 305 cm and the repair patch
is located at the middle of the beam.

Fig. 6. A portion of a frequency response used to evaluate the
damping ratio z.

3.2. Dynamic response measurement

Fig. 4. A typical frequency spectrum of a composite beam with no
damage, obtained by striking the beam with a wooden hammer at its
free end and measuring the transverse dynamic response at its free end
with a non-contact, laser doppler vibrometer.

The dynamic response of the repaired composite
beams was obtained by clamping one end of the beam to
a heavy stone table and striking the beam with a wooden
hammer at its free end. A non-contact, laser doppler
vibrometer was utilized to record the transverse dynamic
response of the composite beam at a point near its free
end. No attempt was made to measure the axial dynamic
response of the beams. Figs. 4 and 5 present typical
frequency responses of beams with and without the
repair patch. The peak response frequencies were
identiﬁed from the peaks in the frequency spectra. In
addition, the system damping ratio was evaluated from
the quality factor Q from o1 and o2 corresponding to
half-power (Fig. 6).
Q

1
on

.
2z o2  o1

(71)

A Matlab program was developed to assess the best ﬁt
to the frequency spectrum from which maximum
amplitude and half-power points were obtained. The
experimental results for the ﬁrst peak response frequency and damping ratio for each repaired beam are
presented in Table 3. Each experimental data point is
the mean value from at least three experiments.
Furthermore, the effects of total specimen length and
patch location on dynamic response of the repaired
beams were investigated by changing the location of the
clamping device (Table 3).

Fig. 5. A typical frequency spectrum of a repaired composite beam,
obtained by striking the beam with a wooden hammer at its free end
and measuring the transverse dynamic response at its free end with a
non-contact, laser doppler vibrometer.

4. Results and discussions
Matlab-based codes were developed to analyze the
dynamic response of the repaired composite beam under
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Table 3
The ﬁrst peak response frequencies and their corresponding modal damping ratios for the manufactured repaired composite beam specimens
Specimen no.

1
2
3
4
5
6
7
8
9

l2(cm)

0
7.62
2.54
5.08
7.62
5.08
7.62
10.16
15.24

Stacking sequence

[0]16
[90]16
[90]16
[90]16
[45/-45]4
[45/-45]4
[45/-45]4
[45/-45]4

L ¼ 20.32 cm
z
f1 (Hz)

L ¼ 22.86 cm
f1 (Hz)

z

L ¼ 25.4 cm
f1 (Hz)

z

92.81
82.34
83.44
74.30
65.16
86.25
84.14
78.44
67.34

73.12
65.00
68.75
62.97
58.44
69.69
67.95
66.25
62.03

0.00434
0.00524
0.00452
0.00522
0.00561
0.00451
0.00460
0.00484
0.00531

60
54.53
55.16
53.90
48.60
57.97
56.79
56.72
54.06

0.00460
0.00571
0.00477
0.00584
0.00787
0.00519
0.00574
0.00588
0.00600

0.00336
0.00396
0.00377
0.00415
0.00476
0.00380
0.00335
0.00460
0.00485

a harmonic peeling load based on the proposed
theoretical investigations presented in Section 2. The
analyses were performed for composite beams of similar
geometries and material properties. Since there are no
data available on the adhesive loss factor, it was taken as
a variable and its effect on the system response was
investigated. No attempt was made to measure the
actual adhesive loss factor.
4.1. Dynamic response of repaired composite beams
Figs. 7 and 8 present the transverse and axial
frequency responses of the repaired composite beam at
the location of the applied force (free end) for specimen
No. 3 (L ¼ 25.4 cm) with various adhesive loss factors.
The results indicate that there is apparently no correlation between the theoretical and experimental results,
Table 3, for the corresponding specimen geometries and
properties. For example, the proposed theoretical model
predicts the ﬁrst peak response frequency of specimen
no. 3 (L ¼ 25.4 cm) to be 215 Hz, in contrast with the
55 Hz from the experimental investigations. Similar
discrepancies were also revealed between the theoretical
and experimental results for the other specimens.
In order to explore the shortcomings of the proposed
theoretical investigations, ﬁnite element modal analysis
was performed with ANSYS. The ﬁnite element model
employed 3676 eight-node shell elements with the same
material properties and geometry as specimen no. 3. The
adherends and the patch were modeled as anisotropic
material while the adhesive layer was modeled as a linear
elastic material. Mesh sensitivity analysis was performed
and it was concluded that further reﬁnement of the mesh
does not change the results of the modal analysis
signiﬁcantly. Based on the results of the ﬁnite element
analyses, the ﬁrst resonant frequency of the repaired
composite beam is 55.4 Hz, which is in good agreement
with the experimental results. In addition, modeling of
the repaired section of the beam as the multilayer
laminated beam and use of the classical composite beam

Fig. 7. The results of the theoretical model for the transverse
frequency response of the repaired composite beam (specimen no. 3)
at its free end with various adhesive loss factors subject to 1 N
harmonic peeling load applied at its free end.

Fig. 8. The results of the theoretical model for the axial frequency
response of the repaired composite beam (specimen no. 3) at its free
end with various adhesive loss factors subject to 1 N harmonic peeling
load applied at its free end.
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Fig. 9. The deformation ﬁelds of the repair section with adhesive
having (b) a low value of elastic modulus (the shear deformation is the
dominant mechanism of deformation) and (c) a high value of elastic
modulus (the beam acts as a classical composite beam).

theory led to a prediction of 55.8 Hz for the ﬁrst natural
frequency of the repaired composite, which is again in
good agreement with both experimental and ﬁnite
element analysis results. Fig. 9 depicts the difference
between the displacement ﬁelds assumed in the theoretical investigation (Fig. 9b) and in the classical
composite beam theory (Fig. 9c).
Finite element analyses were performed for a range of
adhesive elastic modulus values for the geometry and
material properties corresponding to specimen no. 2
(L ¼ 25.4 cm) in order to gain some insight into the
effect of adhesive elastic modulus on the dominant
deformation mechanism and the vibration characteristics of the repaired composite beam. The adhesive elastic
modulus was normalized by the parent beam (E-glass/
epoxy) elastic modulus in the ﬁber direction, E a =E long .
Furthermore, the dimensionless resonant frequency of
the repaired composite beam was deﬁned as cn (the nth
resonant frequency of the repaired composite beam/ the
nth resonant frequency of the parent composite beam
with the same geometrical parameters and mechanical
properties). Figs. 10 and 11 present the 1st and 2nd
dimensionless resonant frequencies of the repaired
composite for various adhesive elastic moduli, based
on the model proposed in the theoretical investigations,
the classical composite beam theory, and ﬁnite element
analyses. For the composite beam geometry and
material properties studied, the presence of the repair
could decrease the ﬁrst resonant frequency of the
repaired beam by about 78% (for very low elastic
modulus of adhesive). For high elastic modulus of

Fig. 10. The 1st normalized resonant frequency of the repaired
composite versus dimensionless elastic modulus of the adhesive, based
on the theoretical model, composite beam theory, and ﬁnite element
analysis. (The adhesive elastic modulus is normalized with respect to
the parent beam (E-glass/epoxy) elastic modulus in the ﬁber direction).

Fig. 11. The 2nd normalized resonant frequency of the repaired
composite versus dimensionless elastic modulus of the adhesive, based
on the theoretical model, composite beam theory, and ﬁnite element
analysis. (The adhesive elastic modulus is normalized with respect to
the parent beam (E-glass/epoxy) elastic modulus in the ﬁber direction).

adhesive, Ea/Elong40.05, the resonant frequencies of the
repaired composite beam did not exhibit signiﬁcant
sensitivity to the adhesive elastic modulus. In contrast,
for low elastic modulus of the adhesive, the repaired
composite beam resonant frequencies were signiﬁcantly
sensitive to the adhesive elastic modulus. In addition,
the 2nd resonant frequency of the repaired composite
beam exhibited lower sensitivity to the adhesive elastic
modulus than its 1st resonant frequency. For example,
for the lowest normalized adhesive elastic modulus
depicted in Figs. 10 and 11, c1  0:78, while c2  0:84.
This can be justiﬁed by considering the mode shapes of
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the repaired composite beam. In addition, the ﬁnite
element results indicate that the dominant mechanism of
deformation of the adhesive layer depends signiﬁcantly
on the relative elastic modulus of the adhesive. For a
very low adhesive elastic modulus, the results of the
proposed theory replicate results of ﬁnite element
analysis, as the adhesive layer shear deformation is the
dominant mechanism. However, for high elastic modulus of the adhesive, results of ﬁnite element analysis
diverge from the results of the theoretical investigations
and approach the results of the classical composite beam
theory, indicating a transition to the bending deformation of the total cross section. It should be noted that,
for moderate adhesive elastic modulus, the mechanism
of deformation is based on combination of the shear
deformation in the adhesive layer and bending deformation of the total cross section. In this range of adhesive
elastic modulus, none of the proposed theories result in
an acceptable estimation of the resonant frequencies of
the repaired composite beam. For example, for the
results presented in Fig. 10, this range for the adhesive
elastic modulus can be identiﬁed as 0.0002oEa/
Elongo0.005. A model that can represent the deformation mechanism of the adhesive layer more accurately
should be developed for this range of adhesive elastic
modulus.
The modal ﬁnite element analyses of the repaired
composite beam indicated that, for moderate and high
elastic modulus of adhesive, the ﬁrst three mode shapes
of the repaired composite beams were not signiﬁcantly
different from these of the parent beam. However,
higher mode shapes might be signiﬁcantly affected by
the presence of the repair patch.
4.2. Damping ratio of repaired composite beams
The modal damping ratio of the repaired composites
was predicted from the experimental results. The details
of the experimental investigations were presented in
Section 3. Table 3 presents the effects of various patch
sizes and stacking sequences on the modal damping
ratios corresponding to the ﬁrst peak response frequency
of the repaired composite beam. The results indicate
that increasing the length of the composite beam
increases the modal damping. This could be related to
the composite material viscosity. Furthermore, by
comparing the modal damping of specimens no. 1 and
2, it can be concluded that repairing the composite beam
with the same material and stacking sequence, as that of
the parent material does not change the damping
characteristics of the system signiﬁcantly. This can be
explicated by considering the deformation ﬁeld in the
repair region, Fig. 9b. Although adhesive has a highenergy loss in the shear, it undergoes little shear
deformation because of its high elastic modulus. The
effects of adhesive energy loss should be more pro-
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nounced for an adhesive with low elastic modulus. In
addition, the results presented in Table 3 show that
repairing the composite having [90]16 stacking sequence
increased the modal damping ratio of the repaired
composite beam. This can be explained by considering
that the composite has greater energy loss in the
direction normal to the ﬁber direction.

5. Concluding remarks
The dynamic response of repaired composite beams
with an adhesively bonded patch was investigated
theoretically and experimentally. In the theoretical part,
the equations of motion of the composite beam with an
adhesively bonded repair patch were derived assuming
that the adhesive layer resists both shear and peeling
stresses and both the patch and based materials behave
as Euler–Bernouli beams. To assess the validity of the
proposed theoretical model, the results of the theoretical
model were compared with those obtained from the
ﬁnite element analysis. The outcome of the comparative
study suggested that the elastic modulus of the adhesive
layer dominates the mechanism of deformation of the
repaired beam and its vibration characteristics. For very
low values of adhesive elastic modulus, the adhesive
layer deforms under shear and the theoretical model
replicated the results of the ﬁnite element analysis. In
contrast, for high values of adhesive elastic modulus, the
results obtained by using the classical composite beam
theory were in good agreement with those of the ﬁnite
element analysis, while the proposed theoretical model
signiﬁcantly underestimated the resonant frequencies of
the repaired composite beam. Theoretical results indicate that the proper modeling of adhesive behavior is
important in model analyses of the repaired composites.
In the experimental investigation, the vibration
characteristics of the unidirectional ﬁberglass-reinforced
epoxy composite specimens with various repaired
patches were obtained by hammer test technique using
a non-contact laser vibrometer. Finite element analysis
and the classical composite beam theory predicted the
ﬁrst resonant frequency of the composite beams
accurately. A limited results on the effect of the patch
material properties, stacking sequence and length on the
vibration characteristics of the composite beam was
presented.
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